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ABSTRACT 
This work represents  the resu l t s  of one phase of r e s e a r c h  conducted 
for  the JPL Solar Elec t r ic  Propulsion (SEP) Navigation Software System 
development program. It deals  only with the problem of designing the fl ight 
quality t ra jectory p rogram,  which is a major  subset  of the en t i re  navigation 
software system. 
In this phase of r e s e a r c h  (breadboard development phase) ,  a t tempts  
were made to assess  the SEP t ra jec tory  software functional requi rements ,  
to investigate the program design method satisfying these requi rements ,  t o  
identify the pr imary anticipated problem a r e a s ,  and to provide solutions to  
these problem areas .  
compact breadboard program,  "LOWTRAJ. ' I  A functional description and 
the mathematical formulation of the program a r e  presented. 
These effor ts  culminated i n  the development of a 
The resul ts  of tests performed using LOWTRAJ indicate that the 
p r imary  requirements of the flight quality t ra jec tory  p rogram can be met 
with this type of design. 
to support  flight operation, should be straightforward. 
Future  extensions of the p rogram,  fur ther  refined 
v 
t 
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I. INTRODUCTION 
In the pas t  decade, various t ra jectory programs have been developed 
to study the applications of solar  e lectr ic  propulsion (SEP)  in interplane- 
t a r y  explorations. 
oriented pr imar i ly  to support  the assessment  of S E P  mission feasibil i ty,  
payload performance,  and reliability. 
technology, the hardware performance charac te r i s t ics  were not well defined. 
Simplified approximations and idealizations were  used to  represent  low- 
These programs were of a f i rs t -generat ion type, 
In this ea r ly  conceptual stage of S E P  
th rus t  propulsion, which made the mathematical formulation and implementa- 
tion of optimal t ra jec tory  sea rch  feasible. This resul ted i n  a large quantity 
of pre l iminary  information s t ress ing  the upper limit of SEP spacecraf t  per -  
formance capabilities. It appears  that with current ly  available technology a 
S E P  spacecraf t  can be an attractive candidate for some selected missions.  
To p repa re  for  an actual S E P  flight, second-generation S E P  t ra jec tory  
sof tware i s  being considered. 
serving pr imar i ly  a s  a t e s t  tool (breadboard) f o r  the development of a third- 
generation flight program. It is  a l so  intended to become the main core  of a 
l a r g e r  breadboard S E P  Navigation Software System (SEPNSS), which will 
include the t ra jectory,  o rb i t  determination (OD), and guidance control 
s of twar e. 
It i s  intended to  be a low-cost program,  
F o r  the support  of a S E P  flight, par t icular ly  i n  performing reliable 
navigation and guidance functions, it is c r i t i ca l  to have a ve ry  accurate  
"theoretical  prediction" of the spacecraft  s ta te .  
S E P  spacecraf t  controls and their  net effect is  *required to achieve this goal. 
Optimum payload performance to the l a s t  few percent ,  the charac te r i s t ic  of 
the f i rs t -generat ion software,  is now considered to be of secondary 
importance.  
anyway to accommodate specific res t r ic t ions required i n  hardware design, 
An accurate  simulation of 
To design a prac t ica l  mission, optimality mus t  be violated 
0 
5 
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and to satisfy other mission constraints  imposed f o r  the sake of mission 
reliability , scientific experiments ,  and communications. 
of elegant mathematical approache's using the calculus of variations to 
generate suboptimal controls satisfying many and var ied types of constraints  
appear to be rather difficult, and the potential performance margin  to be 
gained i s  expected to be slight. 
s ea rch  procedure that may o r  may not explicitly optimize the payload is 
proposed. 
reference t ra jectory,  the t ra jec tory  program i s  expected to  in t e rac t  
intimately with the OD and guidance programs.  
parametric search procedure i s  most  natural ,  and in  harmony with the needs 
of these user  programs. 
The development 
Therefore ,  a d i r ec t  pa rame t r i c  t ra jec tory  
In addition to satisfying the requirements  of establishing a valid 
The use of the d i r ec t  
In Section II, a general  description of a t ra jec tory  p rogram is given, 
Details of specific problems and solutions required for  the low-thrust  
application will be discussed in Section 111. Section IV will be devoted 
entirely to the mathematical formulations and solutions of these specific 
problems. 
11. GENERAL TRAJECTORY SOFTWARE FUNCTIONS 
AND REQUIREMENTS 
A simplified d iagram of a SEPNSS is shown in Fig.  1. 
typical (ballistic or  SEP)  OD and guidance software functions, and their  
relationships to  one another.  The subprograms PATH, VARY, and SEARCH 
a r e  the major  s t ructural  constituents of the LOWTRAJ. 
f r o m  the diagram, t h e  design philosophy of the OD and guidance p rograms  
must  strongly influence the formulation of PATH and VARY. 
impract ical  to  expect synchronized p rogres s  in  the development of the OD, 
guidance, and t ra jectory p rograms ,  the major  linkages of PATH-VARY with 
the OD o r  guidance programs will not be attempted until l a te r  in the SEPNSS 
development phase. 
This i l lus t ra tes  
A s  one can  infer 
Since i t  is 
Descriptions of the genera l  functions and requi rements  for  each of the 
three  major  subprograms of LOWTRAJ a r e  given in the following. 
ments  unique to  the low-thrust applications, demanding special  study, a r e  
emphasized. 
Require- 
- .  
I 
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A. Trajectory Simulation P rogram (PATH) 
The function of this program is  to theoretically predict  the spacecraf t  
path by numerical  integration of the equations of motion. I t  mus t  accurately 
account for and model a l l  fo rces  acting on the spacecraf t ,  par t icular ly  the 
low- thrust  fo rce ,  and must  integrate ,  maintaining high numerical  accuracy. 
This i s  an open loop path predictor that does not per form a targeting 
f unc.ti on. 
B. Variational Equations Integrator (VARY) 
This p rogram generates  variations of the spacecraf t  t ra jectory a s  
induced by smal l  perturbations of the t ra jec tory  pa rame te r s  {F} (i. e .  , 
ax'(t) /aG).  
equations. 
t ra jec tory  sea rch ,  OD, and the guidance programs.  The major  objective 
in the construction of this subprogram is to identify the important  param-  
eters with r e spec t  to which par t ia l  derivatives are required by the sea rch  
program. 
programs mus t  be considered. 
necessary  variational equations must  be performed,  and the efficient 
t ransfer  of this information to the user p rograms  mus t  be executed. 
This i s  accomplished by the integration of the variational 
These a r e  the basic  data required by the user  p rograms ,  namely 
At the same  time the potential needs of the OD and guidance 
Then the derivation and integration of the 
C. Tra jec tory  Search  P r o g r a m  (SEARCH) 
This  p rogram per forms the deterministic targeting function. It d r ives  
PATH and VARY, and i terat ively searches for  the t ra jec tory  shaping 
pa rame te r s  that  will satisfy the required boundary conditions and various 
mission constraints.  
many as 100 o r  m o r e )  can  be involved i n  this process .  
handle sea rches  with many degrees  of f reedom,  preferably with a capability 
to optimize the payload. It mus t  have the ability to handle many constraints 
of different types,  and it m u s t  attain convergence with high reliability and 
speed. 
A l a rge  number of s e a r c h  pa rame te r s  (perhaps as 
This program must  
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111. SPECIFIC PROBLEMS AND PROPOSED SOLUTIONS 
A. Accurate Low-Thrust Modeling i n  PATH 
An accurate modeling of the low-thrust force  depends on a good 
understanding of the performance charac te r i s t ics  of the thrust-producing 
hardware subsystems, the policies of their  operation, and the many modes 
in  which they may be operated. Mathematical simulations of these control 
processes  by means of simple equations and parameter izat ion leads to 
c o r r e c t  representation of the net force  exerted on the spacecraf t .  
to successful modeling lies i n  the manner i n  which these p a r a m e t e r s  are 
introduced. 
OD, and guidance programs a r e  established a t  this point. 
The key 
The versat i l i ty  of the p rogram,  its compatibility to the s e a r c h ,  
In the following, a brief discussion of the three major  thrust-producing 
hardware systems,  and the assumptions being made on their  operating 
policies and modes will be presented. 
of some important pa rame te r s  will be analyzed. 
The result ing model and the meaning 
1. Simulation of the power subsystem function. Power subsys tem 
components pertinent to low-thrust  control include the so la r  a r r a y  and 
switching and control function subsystems for  power management and d is -  
tribution. Theoretically, so la r  a r r a y  maximum output power minus house- 
keeping power should be available to the thrus t  subsystem. 
closed loop maximum power operating policy for  the th rus t  subsystem may  
not be acceptable. Unpredictable fluctuations i n  so la r  a r r a y  output power,  
compounded by the already noisy thrus te r  performance a t  known operating 
levels ,  would make the overal l  low-thrust  noise level too la rge  to be 
tolerable for  accurate navigation and guidance. Therefore ,  r ega rd le s s  of 
the maximum power available for propulsion f r o m  the so la r  a r r a y ,  the 
power input to the thrus t  subsystem will be programmed to be l e s s  than 
the maximum point. The devices for  the so la r  a r r a y  power regulation 
have a s  ye t  to  be specified by the power subsystem special is ts .  Sti l l ,  the 
regulation generally consis ts  of t r i gge r s  to command the leve l  changes,  and 
automatic maintenance of the s e t  level between the t r iggers .  
command and control timer t r igge r s  these changes,  and the in te rva l  between 
the t r iggers  is estimated to be on the o rde r  of 1 to 10 days depending on the 
However, a 
The on-board 
.” 
t 
power profile. Basically, the power regulation can be achieved i n  two ways. 
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I 
F i r s t ,  i t  i s  assumed that the regulation device automatically controls both 
the cu r ren t  and the voltage output of the solar  a r r a y  a t  a fixed value between 
regulation switching t imes (for convenience call  it a "power stage"). 
implies  a piecewise constant power operation. Second, i f  the regulation 
device controls only the cu r ren t  (o r  the voltage) and le t s  the voltage ( o r  the 
cur ren t )  operate a t  the natural  solar  a r r a y  output, the program mus t  model 
the so la r  panel current-voltage (I-E) charac te r i s t ic  curves  a s  a function of 
so la r  distance.  
but it a l so  adds grea te r  uncertainty i n  the thrus t  magnitude, because the 
accuracy of the given ( I -E)  curves  as  a function of solar  distance i s  doubtful. 
If there  a r e  any uncertainties,  these must  be fed to a navigation program 
and their  impact  measured.  
includes only the f i r s t  policy and models power input to the thrust  subsystem 
as being piecewise constant. 
This 
This i s  not only more complex i n  mathematical  formulation, 
The present  t ra jec tory  software package 
The lower bound of so la r  a r r a y  maximum output power during t.  to 
( i - th  power stage) is es t imated based on the spacecraf t  s ta te  ( r ,  E )  at 
1 
t i+ l  
t ime t. and the conventional power curve formula.  
housekeeping power is  the available input power to the thrus t  subsystem a t  
the i-th stage [Pa(i)]. 
[ v . P  ( i ) ]  , which compr ises  the basis f o r  panel power regulation. 
is  a power utilization factor for  the i-th power stage. 
utilization, u. = 0 r ep resen t s  a coast  per iod,  and 0 < w .  < 1 represents  
pa r t i a l  utilization. 
1 ,  is  the optimal control policy, one may want to design the nominal path 
with w . ' s  slightly l e s s  than 1 to provide some guidance reserve .  In addition 
v ' s  can be used to simulate expected o r  unpredictable solar  a r r a y  degrada- 
tions caused by solar  f l a r e s  o r  meteorite impacts .  I t  may even be assigned 
a value l a rge r  than 1 to simulate conditions where the actual output of the 
panel i n  space indeed exceeds the theoretical prediction. 
This power minus the 
1 
Actual input power to the th rus t  subsystem will be 
Here w i a  i 
u = 1 represents  full i 
1 1 
Even though a bang-bang-type control,  where u = 0 ,  o r  i 
1 
i 
2. Simulation of the thrus t  subsystem function. The two major  
t h rus t  subsystem components considered a r e  pbwer conditioner ( P C )  units 
and th rus t e r  (THR) units. 
t h rus t e r  constitutes a th rus t  unit. 
A combined operation of one PC unit and a 
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The character is t ic  numbers  of the thrust  subsystem a r e  the 
maximum and minimum power ratings of a th rus t  unit, the number of t h rus t  
units available,  the efficiency of power conversion, and the specific impulse 
(Isp). 
power levels. 
(throttling level)  of the THR. 
be represented adequately by quadratic functions of the input power to the 
thrus t  unit. 
The efficiencies of the P C  and THR depend on the respect ive input 
The specific impulse depends on the operating power 
Current ly  available data  on these (Ref. 1) can 
The operating policy of the thrus t  subsystem as sumes  that the total 
input power to the thrust  subsystem [viP,( i ) ]  is nominally distributed 
equally among the minimum number ( N  
match the power. 
level. If the number of available thrus t  units are less than the Nmin(i), then 
al l  units will be operated at maximum level. 
the minimum number of units to be operated. 
the case  i f  one wants to maintain at l ea s t  two th rus t e r s  operating, so that  
three-axis attitude control can be maintained using low thrust .  
(i)) of t h rus t  units required to mi n 
This is a maximum efficiency policy for  a given power 
As an option one may specify 
This could, for  example,  be 
3. Simulation of the th rus t  vector control sys tem function. Thrus t  
vector control i s  assumed to be implemented with the aid of sun and star 
senso r s  for attitude reference.  Gross  reorientation of the th rus t  vector  i s  
achieved by gimballing the senso r s  by a des i red  amount,  thus offsetting the 
tracking, then applying torque to the spacecraf t  to  reacqui re  the s t a r s .  
This maneuver w i l l  be performed a t  specified intervals  (call it angular 
s tages) ,  which may range f r o m  a few to hundreds of days depending on the 
mission. Between g ross  reor ientat ions,  the autonomous attitude control 
command system maintains the thrus t  vector cone and clock angles within a 
specified tolerance band. 
B. Setup for  Variational Equations i n  VARY 
The dimensions of the par t ia l  derivatives to  be given by VARY 
depend on the needs of the user programs.  SEARCH requi res  par t ia l  
derivatives with r e spec t  to injection s ta te ,  so la r  a r r a y  power at 1 AU 
(P ) ,  th rus t  vector directions (two angles) for  all angular s tages ,  power 
utilization factors  vi  fo r  all power stages, the a r r i v a l  t ime ,  and the a r r i v a l  
velocity bias  of the spacecraf t  with r e spec t  to the target .  
0 
r.. 
t 
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~~ ~ ~~ ~~ ~~~ 
Fur the r  expansion of VARY to meet  the needs of OD and guidance 
functions i s  a s  yet to be determined. 
C. Design of P r o g r a m  SEARCH 
1. Input requirements .  As discussed previously,  this program i s  
of a second-generation type emphasizing the accuracy in  the t ra jec tory  
through accurate  hardware function modeling. 
optimal g r o s s  mission pa rame te r s  such a s  P I launch da te s ,  and flight 
t ime i s  considered to be outside the scope of this program.  
optimal o r  at l ea s t  near-optimal mission profile i s  preferred.  
the f i r s t  guess of the general  th rus t  profile i s  obtained f r o m  the f i r s t -  
generation t ra jec tory  optimizing programs,  such a s  CHEBYTOP o r  EPITOP 
(Refs.  2, 3 ) .  This i s  mandatory not only fo r  the sake of performance,  but 
a l so  for  eas i e r  convergence. This program does not have the capability to 
se l f - s t a r t ,  nor i s  it meant to generate the "ballistic conic path" equivalent 
of a low-thrust  t ra jectory.  
a l l  the f r e e  sea rch  var iables  by means of a modified Newton Raphson 
method to sat isfy the required boundary conditions, one of which may include 
the final m a s s  with a given tolerance of, s ay ,  plus o r  minus 5 to 10 kg. 
can,  a s  an option, per form a limited optimal s e a r c h  for  the maximum final 
mass. 
The capability to sea rch  for 
0 '  sp '  
Nevertheless 
Therefore ,  
Once the crude profile i s  given, it will readjust  
It 
2. Versatility. The flexibility of the p rogram i s  specifically geared 
for  the needs of flight project analysis and design. 
s imulate  the controls of specific form required for  mission implementation. 
It m u s t  a l so  be able to simulate various types of control malfunctions so  that 
impacts  of these uncertain hardware functions can be analyzed and a reliable 
mi s sion de signed . 
It mus t  accurately 
These  goals can be achieved if one allows, by option, all the low- 
th rus t  control pa rame te r s  to be included i n  the sea rch  o r  to be fixed. 
only pa rame te r s  that  cannot be given this f reedom a r e  the stage t imes ,  both 
for  power s tages  o r  angle stages.  However, the use r  will have the freedom 
to a s s ign  a lmost  any stage pat tern as long as it  does not exceed the desig- 
nated dimension of the stages i n  the program,  which current ly  i s  200 for  
power stages and 50 for angle stages. 
The 
1 .  
t 
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Some examples of the desirable  features  a re :  
The use r  can design the t ra jec tory  with thrust  on-off t ime 
specified. In f i r s t  generation t ra jec tory  software, this was 
not possible because the optimality condition controlled and 
internally generated the switching t ime,  
not be a rb i t ra r i ly  specified. 
be needed to sat isfy the science experiment requirements ,  navi- 
gational needs, and for reliable mission design. 
Since all the power utilization pa rame te r s  can be searched or  
fixed, any throttling levels may be commanded. 
Thrust  vector and/or  spacecraft  attitude can be constrained 
for any desired period of time. 
usually by the limited s t ruc tura l  flexibility of the spacecraft ,  
thrust-subsystem thermal  control requirements ,  the science 
experiments o r  the communications requirements.  
Thruster  arcing o r  failures can be simulated and updates of 
t ra jectory can be made. 
Solar panel degradations, minor o r  major ,  can be simulated 
and their impacts can be measured.  
Organization of search  variables.  
Independent variables: To attain maximum flexibility, a la rge  
dimension in independent-variable space is introduced. 
high degree of f reedom consists mainly of thrust  angles modeled 
in multistage fashion, 
device, these angles a r e  the main source of t ra jec tory  shaping 
capability, par t icular ly  af ter  spacecraf t  initial injection. 
Other important degrees  of f reedom that can be used for control 
a r e  the thrust  duration and the t ime of encounter. The sea rch  
on thrust  duration is performed on v allowing only quantum 
jumps, that is 0 to  1, o r  1 to 0. 
The degrees of f reedom of 0, 2, and 3 can be assigned, by 
option, to  departure  and a r r iva l  velocity biases (VB). 
Coast phases  could 
This capability is crucial;  it will 
Such constraints are  imposed 
This 
Since SEP is a power-limited propulsion 
i 
- 
8 JPL Technical Memorandum 33-648 
~~~ ___ - 
- 
These correspond to cases  where it does not s ea rch  on V B  
(rendezvous),  VB i s  constrained in magnitude but has 2 degrees  
of f reedom in the choice of direction (flyby with given relative 
speed),  and, thirdly, V i s  unconstrained. 
Other var iables  such as injection m a s s ,  injection t ime, and 
P 
mis s ion design. 
4 
- 
B 
a r e  included to meet  the p r imary  needs of flight quality 0 
( 2 )  Dependent variables:  The program is organized in a manner  
such that dependent variables always include the spacecraf t  final 
position and velocity minus position and velocity biases. 
a r e  always searched to coincide with the s ta te  of the target  body. 
Analytic ephemerides of the major  planets, as teroids ,  and 
comets a r e  internally linked to  the program. 
These 
An additional dependent variable included is  the final m a s s  of 
the spacecraft .  
of the final mass can be accomplished. 
This is included so  that l imited optimal control 
4. Search procedure.  As i t  has  been s t r e s s e d  i n  Section III, the 
many degrees  of f reedom of sea rch  a r e  due to the many angle variables.  
Since these a r e  character is t ical ly  the same controls appearing consecutively 
and progressively i n  s t ages ,  it is  likely that  high correlat ions ex is t  among 
the par t ia l  derivatives [ a ~ / a ( c x I ,  PI)] (where 
var iab les ,  and aI and (3 a r e  the thrust  cone and clock angles for  stages 
I = 1 ,  - e ,  N ,  e tc .  , to be searched) .  It is  unwise to per form standard 
i te ra t ive  l inear analysis of the form MAX = AY without fully analyzing the 
singularity of ma t r ix  M. 
of the information obtained i n  performing the "Singular -Value Decomposition 
Analysis" (Ref. 4 )  of ma t r ix  M. 
f ramework  of l inear  algebra i s  discussed in  g rea t e r  detail  in  Section IV. 
is the vector of dependent 
I 
Thc search algorithm makes extensive utilization 
Methods of obtaining solutions within the 
JPL Technical Memorandum 33-648  9 
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IV. MATHEMATICAL FORMULATION O F  LOWTRAJ 
A. Spacecraft  Trajectory 
Generally,  the sources  of acceleration of the spacecraf t  relative to the 
center of integration to be considered include the following perturbations:  
The Newtonian point-mass accelerat ion relat ive to the center of 
integration. 
The acceleration due to low thrust .  
The acceleration due to chemical motor burns.  
The acceleration due to  solar  radiation p res su re .  
The accelerations due to other sma l l e r  o rde r  gravitational 
inter’actions, including N-body effects, planet oblateness effects ,  
mascon effects,  and relativistic effects.  
The accelerations due to  small perturbations originating i n  the 
spacecraft ,  attitude controls (especially the low-thrust type), 
and due to gas  leaks.  Nonavailability of so la r  power for  low 
thrust  during so lar  occultation m u s t  a l so  be included. 
However, due to the experimental  nature of the p rogram and to  maintain low 
cost  and efficiency of p rogram operation, numerical  integration i s  performed 
in  single precision. 
cision algorithm i s  not meaningful, thus they a r e  excluded i n  LOWTRAJ but 
will  be required in the flight quality program. In the c u r r e n t  scheme of the 
t ra jectory search  p rogram,  the inclusion of these sma l l  fo rces  is  not 
expected to influence the bas ic  algorithms. 
Inclusion of perturbations (4) to ( 6 )  i n  the single pre-  
B. Glossary  of Notations 
Unless otherwise stated,  the following notations will be used 
consistently without explanation. 
- 
F 
f 
T; 
H 
m 
m O i  
- r 
r - O i  
4 
S 
t. 
1 
4 
Oi V 
- 
V 
-.t 
X - 
xoi 
Q,  P 
A ti 
AtI 
P. 
V 
P 
low-thrust  acceleration 
low- thrus t  magnitude 
gravitational acceleration 
mass flow rate 
spacecraf t  mass at t ime t 
spacecraf t  mass at the beginning of i - th  power stage 
spacecraf t  position vector at  time t 
spacecraf t  position vector at the beginning of i- th power stage 
unit vector of specified reference star position 
init ial  time of power stage i 
spacecraf t  velocity vector at the beginning of i-th power stage 
spacecraf t  velocity vector at time t 
spacecraf t  state vector at time t where X = (F, 3, m) 
spacecraf t  state vector  at the beginning of i- th power stage 
thrus t  cone and clock angles with respec t  to sun and a star 
i - th  power stage interval 
I-th angular stage interval 
gravitational constant of the sun 
power utilization factor 
low- thrus  t unit vector 
4 
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Subscripts 
i power- stage 
I angular-stage 
C. Derivation of Eauations of Motion 
1. Mathematical force model. Mathematical expressions of the 
spacecraf t  accelerations and m a s s  flow ra t e  a r e  given as follows. 
a. Gravitational acceleration 
b. Low- thrus  t acceleration 
- - -  where f .  (F v Y . )  i s  the thrust  magnitude for the i- th power s tage,  and 
6 (aI, PI, 
1 O i ’  O i ’  1 
+ 
S) i s  the thrust  unit vector during I-th angle stage. 
Note: v is constant during the i- th power stage and i 
I’ (Y p, a r e  constants during the I-th angle stage. 
C. Mass flow r a t e  
where c is the thruster  exhaust velocity 
1 
tr 
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Derivation of f .  (Foi, Tois v i )  
Let 
1 
1 
where r is the estimated upper bound of the 
P 
- 
I ro i  I 
spacecraft-sur 
. 
(3) 
lis tance, and 
this is used to es t imate  the lower bound of the solar-panel maximum output 
power during At.. 
mus t  not be too large.  
To maintain the validity of such a power est imate ,  Ati 
1 
Then, 
5 - ( i t 3 ) / 2  
Pmax (4) 
i= 1 
where Pm, = est imated lower bound of panel maximum output power during 
.the i-th power s tage,  a. = solar  panel maximum power curve coefficients 
and po = so lar  panel output power at 1 AU. 
1 
Let 
where p 
power. Le t  
= available input power to the thrus t  unit and ph = housekeeping a 
- -  Pa "i t 1 (integer operation) 
prl 
Nmin 
- Pa "i - - (integer operation) 
p'z 
max N 
t 
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Then 
a > Na then No = N 
< Nd then No = Nd 
min 
min 
I f N  
max  If No' >Nmax then No = N 
N = N  
0 min 
where 
= minimum number of th rus t  units required to be in  operation mi n N 
= maximum number of th rus t  units one may be operating 
without throttling below the minimum rated power 
max N 
= maximum power rating of a thrus t  unit 
pr 1 
= minimum power rating of a thrus t  unit 
p'z 
N = number of th rus te rs  actually operated 
0 
N = available number of thrus t  units a 
Nd = desired lower limit of th rus t  units operating 
Let  
- -  Pa"i 
0 
pop - N (7) 
JPL Technical Memorandum 33-648 
where 
= the operating level of each thrust  unit 
. 
c = th rus te r  exhaust velocity (I g )  
SP 
q = thrust  unit power conversion efficiency 
coJ  c l ,  c2  = polynomial coefficients used to express  exhaust velocity 
as a function of operating power 
q o ,  
q I ,  q2 = efficiency coefficients 
Then 
21 vipa 
f .  = 
1 C 
Spacecraf t  mass flow r a t e  
where  H = m a s s  flow r a t e  during i-th power stage. i 
‘ ( 9 )  
--L .- - 
where Tis the reference star unit vector and i ’  j l ,  k’ are unit vectors of 
sun-s ta r  re ference  f rame.  Let 
4 
S 1  = ( s in  aI cos P I’ s in  aI sin P I’ cos aI) 
JPL Technical Memorandum 33-648 15 
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I '  PI where 6' i s  a thrust  unit vector in  the sun-s ta r  reference f r a m e  and CY 
a r e  the th rus t  cone and clock angles. Then, 
where "(3 is a coordinate transformation matrix with the following 
components: 
where subscripts x, y, and z denote the x, y, and z components of the 
vector.  
Equations of motion. To maintain the symmet ry  i n  the express ion ,  the 
equations of motion are expressed  i n  seven first o r d e r  differential  equations. 
- x =  
- 
Since the first derivatives X a r e  discontinuous a t  the bounds of eve ry  power . 
t 
stage and angular stage (which a r e  designed to coincide with one of the 
power-stage t imes) ,  numerical  integrations a r e  performed piecewise by 
power stage increments  ivith a restart procedure fo r  each  discontinuity. 
JPL Technical Memorandum 33-648 
D. Derivation of Variational Equations 
P a r t i a l  der ivat ives  of the spacecraft  s ta te  with r e spec t  to s ea rch  
pa rame te r s  a r e  obtained by numerical integrat ions of the var ia t ional  
equations. In functional fo rm,  equations of motion a r e  given by 
- 
where Q is the parameter  set with respect  to which par t ia l  derivatives a r e  - -  4 
required.  
where 
F o r  sea rch  purposes ,  the parameter  set Q includes (Xoi, q ) ,  
= (aI, PI, vi, po) f o r  a l l  i and I des i red .  
The variational equations a r e  of the following genera l  form: 
where a z / a G  is a 7 by 11 matrix with ini t ia l  conditions given by 
4 - -  - I ,  and - a x  = 0 
d 
a x O i  a< 
where I i s  a 7 by 7 unit matrix. 
notations are introduced: Le t  
F o r  convenience, the following matrix 
JPL Technical Memorandum 33-648 17 
whe r e  
- 7 by 7 state transit ion mat r ix  u = - -  a x  
A axoi  
v = -- ax' - 7 by 4 control transit ion mat r ix  
as' 
A = 7 by 7 matr ix  
C = 7 by 11 mat r ix  
1. Computation of the A matrix.  F r o m  Eqs. (15) ,  ( l ) ,  and (2), 
A =  
- 1 -  - - 1 -  - - - - F- - - - - - - 
' I  0 
I 
I O  : - m F I i  1 -  
3 3 1 
- 4  
where the dimensions of submatr ices  a r e  as indicated. ( a g / a r )  is obtained 
by differentiation of Eq. (13),  and f romEqs .  ( l l ) ,  (12) ,  and (14). 
18 J P L  Technical Memorandum 33-648 
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-.. 
L 
2. 
a. Derivation of (ag//goi). From Eq. (15) ,  
Computation of the C matrix 
where 
3 3 1 
where,  f r o m  Eqs. (7) and ( 8 ) ,  one can show that  
c 
E 
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from Eq. ( 4 ) ,  
from Eq. ( 3 ) ,  
4 r - v  r Oi ii )Ati 
Oi I FOi I 
In the same manner, one obtains from Eqs. ( l o ) ,  ( 7 ) ,  (8) ,  ( 5 ) ,  and (4) 
- *  
b. Derivations of (i3Weq). From Eqs. (15), (2), (13), and (12) 
.. 
L 
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I 
where 
I cos CY cos p I 
I cos CY sin p I 
0 
where 
I 
I 
aP - 
aT1 - 
0 
aHi 
av  - i 
1 s in  CY sin p I 
sin CY cos p I 
I -sin p 
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Y 
h 
22 
- .. 
0 
ari - s 
PO 
- . -  
m 
aHi - 
- 
where 
5 
aPa - ( i t 3 ) / 2  - =  1 a . r  
1 P  i=l 
E. Search Algorithms 
1. Problem statement.  Let the dependent var iables  be 
JPL Technical Memorandum 33-648 
~~ 
- 
where 2 
and velocity bias  to the ta rge t  planet. 
= (zB, vB, 0 )  i s  a seven vector represent ing spacecraf t  position B 
W 
Let the ta rge t  s ta te  vector be Y - 
where Y = [x' ( t  ), 7 (t  ), m(tF)] i s  the ta rge t  planet position and velocity 
W P F  P F  - 
tF vec tors  and the desired spacecraf t  final m a s s ,  i f  any, a t  final time, - 
Since Y ( t  ) i s  a function of independent s ea rch  var iables  a, where 6 is  a 
subset  of all available independent var iables ,  [?(to), ?(to), m( tO) ,  aI, PI, 
VB,  t 1 ,  i n  a l inear approximation, the solution to the following V i  , 
equations gives the required corrections bQ to the independent var iables .  
F 
-b 
F 
d 
In  actual nonlinear problems,  procedure Eq. (26) i s  performed i terat ively 
many times, until a satisfactory solution, (Y - Y ) = 0 ,  is attained. 4 +  
W 
- b - P  
2. Derivation of (aY/aQ). Due to the discontinuities ar is ing in the 
th rus t  controls ,  the equations of motion and the variational equations a r e  
integrated piecewise with reinitialization performed at each  discontinuity. 
Propagation and accumulation of the partial  der ivat ives  to the final t ime i s  
required to  obtain (aY/aQ). 
- -  
a. Propagation of the s ta te  transition matrix.  To obtain 
+ --* 
[aX(tF)/aX(t.)]  one mus t  propagate stagewise information using the following 
1 
chain rule:  
ax ( t i )  
t 
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whe r e  
i s  obtained i n  the process  of piecewise integration of the variational equations. 
Therefore ,  [af/a(zo, To, 6 0 ) ]  is  obtained in  this manner with ti = to. 
b. Propagation of control matr ix  for control component w . .  1
Since v i represents  control applied only during t. 1 to titi, [ a z ( t ) / a Y i 1  f 0 
only fo r  t. i t i titi. 
following computation i s  required: 
To propagate this control effect to the final s ta te ,  the 
1 
- 
where [ a X ( t i t l ) / 8 v . ]  is  available at the end of the variational equation 
integration for the i - th  power stage. 
1 
c. Propagation and accumulation of control matr ix  for control 
components ctI and p,. Since CY I and p I represent  controls applied during 
Since the angle stages a r e  designed to  be l a rge r  than or  equal to  the 
power s tages ,  each AtI contain several  At. 's .  1 
and propagations of the piecewise control mat r ix  must be performed. 
Therefore ,  accumulations 
v 
t 
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- implying At contains 1-power s tages  of equal 
I t 1  - tkt l '  I Let t I  = t 
duration. Then 
and t k 
Propagation of Eq. (29 )  to the final time as in  Eq. (28) leads to 
4 
The same  procedure applies to obtain ( a Y / a p I ) .  
d. Accumulation of control matrix for control component p Since 
is a control applied all  through the flight duration, procedure (29) is used 
0' 
PO 
+ 
to obtain (aY/apo). Let k be the total number of power stages. Then 
+ +  
e. Derivation of (ElY/aV ). F r o m  Eq. (25),  B 
0 
. . .  
- I  
. . .  
0 
c 
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f. 
3 .  
technique 1 
+ 
Derivation of (aY/at,). F r o m  Eq. (25) ,  
aZ(tF) aZB aY'w(tF) 
t ( 3 3 )  - -- - aY - - -  
a tF a tF a tF a tF atF 
Numerical s ea rch  technique. In this section, a l inear  analysis  
sed to solve fo r  6z of Eq. ( 2 6 )  i s  given. Before proceeding to 
the detailed discussion of the analysis,  row and column scalings will be 
performed to normalize Eq. ( 2 6 ) .  Let  the dimensions of dependent var iable  
space be n 
Scaling factors for the independent var iables  (S i = 1, . . . , n ) a r e  the 
conjectured largest  s tep  s izes  within which the l inear  approximation 
[ Y ( Q  t 66) = Y ( Q )  t (a;/a;) 6 5 1  holds. 
dependent variables (T i = 1 , .  . . , n ) a r e  the accepted tolerance of the 
dependent variable deviations f rom the des i red  value. With these scalings,  
Eq. (26)  can be t ransformed into a normalized f o r m  
Q ' n Y *  and that of independent var iables  be n Y Q' Generally n 
i' Q 
+ +  - b +  
Scaling fac tors  for the 
i' Y 
mx = y 
where 
- 
* . ' ,  "Y - (Ywj - Y.) /T . ,  j = 1,  2 ,  5 J J  
m.. = ayi/ax. 
1J J 
(34) 
Here ,  bold face l e t t e r s  a r e  used exclusively to denote ma t r i ces ,  including 
r a w  and column vec tors .  
considered to be attained if 11 y 11 5 1. The l inear  neighborhood constraint  
In this normalized expression,  convergence is  
-.. 
t 
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"Q 
2 
on independent var iables  is implied by 11 X 11 5 1 ,  where 11 X 11 = 1 x . .  
1 
i 
Solution of Eq. (34) i s  obtained f i rs t  by performing a singular 
value decomposition of m. The information gained i n  this singular value 
analysis i s  used fur ther  to control the selection of a par t icular  solution. 
These policies of solution selection a r e  of two types. The f i r s t  type,  called 
l 'minimal control policy," attempts to  solve Eq. (34) using minimum 11 x 11. 
The second type, called "final m a s s  optimizing policy, attempts to  solve 
Eq. (34) while maximizing the final mass .  
a. Singular value decomposition of mat r ix  m. Let m be a r e a l  
ny  by nQ matr ix:  there  then exist  matr ices  U, S, and V such that 
T m = usv 
Q where u and V a r e  square orthonormal mat r ices  of o r d e r s  n 
respect ively ( i . e . ,  uuT = u u = vvT = v v = I ) .  
and n Y 
T T 
I 
S is a ny by nQ mat r ix  where only nonzero elements a r e  on the 
principal diagonal (singular values) (i. e. , S..  = 0 fo r  i # j )  and 
'J 
S l l  > SZ2 > s33 > * . a  > s 
nYnY 
(35) 
The basic  algorithms to compute U ,  V ,  and S were given i n  Ref. 5 and the 
p r o g r a m  that  per forms this computation ex is t s  i n  the JPL computer l ib rary .  
Consider the following orthogonal coordinate transformations of 
vector spaces  X and y into x' and yl: 
T T x ' = v x ,  y ' = u y  
t 
(37) 
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Matrix m ,  in  the representat ion of X' , y '  coordinate sys t ems ,  would be 
mi = U mv u USV v = S ,  and Eq. ( 3 4 )  i s  reduced to the following T T T  
- - 
simple form: 
r 
I 
I 
I 
I 
I 
I 
I 
L 
2 8  
- 
x;I - 
sx '  = yl 
Since 6 is  nonzero only along the principal diagonal, i. e . ,  
X h y + l  
Xh t2 
nQ - nY : nQ X' 
s =  
s I 
0 11 I 
22 
S 
I 
\ 
\ I 
\ I 
\ 
0 \ 
Sn n 
I 
Y Y  I 
J
Y n 
If one lets 
- x; - 
-X I  - 
1 
xi 
Y n 
0 sII 
- 
"Q - nY 
then Eq. ( 3 8 ) ,  can be writ ten as two separa te  equations 
six; = y '  and S X'  = 0 II I1 
n y  ( 3 9 )  
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The most  general  solution of Eq. (38) can be expressed  by 
X' 
where 
- 1  I 
XI I = SI Y 
XI - c i I1 - 
Since s 
orthogonal to f i r s t  m components of XI space. 
= [0] , C can be any arb i t ra ry  vector of dimension (n - ny) ,  
I1 Q 
> ny implies that the problem posed is nQ A s  one must  be aware,  
underdeterministic.  The multitude of possible solutions given in Eq. (41) 
mere ly  indicates this fact. 
b. Method of solution selection for minimal control policy. 
By definition, minimal control policy implies that  Eq. (34) i s  satisfied while 
minimizing llxll (call  it minimal length), Note that llxll = 1.' 11 holds due to 
the orthonormality of v used i n  Eq. ( 3 7 ) .  
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. 29 
30  
. 
v 
According t o  Eq. (41), 11 X' 11 = I (  Xi 11 t l l X i I  11 , since X I I  i s  
constrained by Eq. (41), minimum length 11 x 11 i s  obtained i f  one se t  xII = C 
= 0. Therefore,  the basic choice of solution for Eq. ( 3 8 )  is: 
c 
- 1  
y 
- - - - -  
0 
- 
If one per forms inverse  t ransformation of Eq. (37), 
x = vx' = 
i . e . ,  
"Y "Y 
j =  1 J J  e=1 
1 i = 1 , 2 , * * .  x. = 1 v. .  - 1 UjeYe' 
1 1J s. .  ( 4 3 )  
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Let Z = am(t f ) /aX be a 1 by n row vector,  and m(t ) i s  the Q f 
spacecraf t  final mass .  In the X' representation Z is  t ransformed to 
= zv (45) 
Then m tf) = mo(tf) + zlxl, where m (t ) O f  s the c u r r e n t  mass, and m(t ) is f 
the l inear  es t imate  of the m a s s  after correct ions XI a r e  applied to the 
independent var iables .  Fur ther  , let 
Y n Q - n Y  n 
Then 
As was shown in  Eq. (41),  the addition of an a rb i t r a ry  vector xb,  which is  
orthogonal to xi, does not d i s turb  the constraint  S I X '  = yl o r  equivalently 
l l l X  = y. Therefore ,  it is possible to construct  a vector that  will modify 
m(tf) by making z;~x;~ a s  la rge  as possible. 
unbounded, a notion of maximum is  not valid. However, since 
a l so  necessa ry  in  this type of linear i terat ion procedure,  we can a s s e r t  that  
fo r  IIX;~II = 1 , the maximum expected Z 1  XI can be obtained i f  one chooses 
XI 11 ~ ( Z L )  , with length 1; i . e . ,  
Since Z 1  i s  l inear  and 
IIXiII( < is 
11 I1 
T 
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The basic  solution given in Eq. ( 4 3 )  i s  generally not direct ly  applicable 
for  highly nonlinear problems. 
even the minimal length solution of Eq. (42) has  length 11 x 11 exceeding 1. 
This violates the nominal l inear domain constraint  and is undesirable. 
One often would encounter the cases  where 
T o  
11' resolve this dilemma, a careful inspection of singular values s 
I s 2 2 ,  . * , 'n n 
Some components of 6 becomes r a the r  small .  
of decreasing magnitude, one can readily examine such situations. 
ra t ios  of S to S.. (defined a s  condition number in Ref. 4 )  becomes l a r g e r  11 11 
than some number (e. g . ,  - 10 ) for  i 2 k t 1, one may consider that  the 
y' ,  X' can become la rge  i f  
As Sii a r e  given in the o r d e r  
- 1  i s  in order .  Since X' = S 
Y Y  
I 
When the 
5 
given mat r ix  m of Eq. (35) actually is ill-conditioned. If this situation is 
encountered, it i s  likely that one is dealing with a near ly  co t re la ted  ma t r ix  
m whose effective rank is k (<  ny)  instead of n 
solution is  obtained by replacing Eq. (43) by 
Then, the proposed Y' 
~ 
In the event that  the condition number of matrix m is  not l a rge ,  uniform 
scaling of the solution given by Eq. (43) is  recommended to r e s t r i c t  
llxll 
c. Method of solution selection for  the final mass optimization. 
If one were  concerned with the outcome of the final m a s s ,  and wished to 
maximize the mass  while satisfying the constraint  mx = y, the following 
scheme i s  suggested. 
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Then 
z 1  z 1  
1 1  - I1 11 
zIIxII - J-= rn 
This i s  the m a s s  gain one can expect i f  one modifies the minimal length 
solution by the addition of component XI 
I S  
Therefore  the best mass  optimizing solution is 
1 x = v x  = v  
i. e. , 
xi 
- - - - -  
;I 
= v  = v  
(48)  
t 
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Note here that the index n can take values k < n when the Y Y’ 
ma t r ix  given is ill-conditioned. 
d.  Comments on the sea rch  techniques. In principle,  i f  the sea rch  
var iab les  a r e  updated i teratively using Eq. (50 )  for  cor rec t ions ,  it 
eventually will satisfy the boundary conditions where IIyll < 1 i s  reached. 
F u r t h e r ,  i f  the m a s s  increment  indicator ,/m of Eq. (48) becomes 
smal le r  than the pre-assigned number,  e. g . ,  1 to 2 kg, one may consider 
that an optimal final mass  i s  attained. To date,  extensive tes ts  using 
minimal control policy solutions given in  Subsection E-3-b  have been pe r -  
formed. The resu l t s  a r e  very satisfactory in most cases.  
descr ibed in Subsection E-3-c i s  s t i l l  under investigation, however it 
The algorithm 
appears  promising. 
V. FUTURE DEVELOPMENT 
It i s  intended that  future work will  include: 
( 1 )  A thorough t e s t  of the optimizing algorithm. 
(2) Fur ther  refinements and verification of the representat ions of 
low-thrust subsystem charac te r i s t ics .  
( 3 )  A more detailed development of the requi rements  in  the 
interface with the OD and guidance p r o g r a m s ,  par t icular ly  the 
input / output spe cifi c ations . 
r .  
t 
(4 )  Investigations into the modeling of the lower o rde r  perturbations 
and verification of cu r ren t  findings that  these perturbations will 
not be a major  problem. 
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The final product from these studies wil l  be a set of software requirements 
specifications for a flight quality trajectory program. 
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